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An edge of a 3-connected graph G is said to be removable if G&e is a subdivi-
sion of a 3-connected graph. Holton et al. (1990) proved that every 3-connected
graph of order at least five has at least W( |G|+10)6X removable edges. In this
paper, we prove that every 3-connected graph of order at least five, except the
wheels W5 and W6 , has at least (3 |G|+18)7 removable edges. We also charac-
terize the graphs with (3 |G|+18)7 removable edges.  1999 Academic Press
1. INTRODUCTION
In this paper we consider finite simple graphs.
Let G be a 3-connected graph and e # E(G). Holton et al. in [3] consider
the following operation:
(1) Delete e from G to get G&e.
(2) If some endvertices of e have degree two in G&e, then suppress
them.
(3) If multiple edges occur after (2), then replace then by single edges
to make the graph simple.
The resulting graph is denoted by G  e. If G  e is 3-connected, then
e is said to be removable. If e is not removable, then e is said to be non-
removable. Fouquet et al. in [2] and [4] proved that every 3-connected
cubic graph G of order at least six has at least W( |G|+6)2X removable
edges and this bound is sharp. For a 3-connected graph G of order at least
five, Holton et al. in [3] proved that G has at least W( |G|+10)6X
removable edges and they do not think the bound is sharp. In this paper,
we introduce the notion of a ‘‘semiwheel’’ and observe some of its proper-
ties. We prove that every 3-connected graph G of order at least five, except
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the wheels W5 and W6 , has at least (3 |G|+18)7 removable edges. We
also characterize those graphs with (3 |G|+18)7 removable edges.
Let G be a graph. The vertex set and the edge set of G are denoted by
V(G) and E(G), respectively. If x # V(G), we also write x # G. We denote by
|G| and e(G) the order and the size of G, respectively. For x # G, the set of
adjacent vertices of x in G is denoted by 1G(x) and the degree of x in G
is denoted by dG(x) (or briefly d(x)). If the endvertices of an edge of G are
x and y, then we write e=xy. Let F be a nonempty subset of E(G). The
subgraph of G whose vertex set is the set of endvertices of edges in F and
whose edge set is F is denoted by (F)G (or briefly (F) ). If H is a sub-
graph of G, we also say that G contains H. We often identify a subgraph
H of G with its vertex set V(H). Let SV(G). The vertex set S is said to
be a vertex cut of G if G&S is disconnected. If |S|=s, we say that vertex
cut S is a s-vertex cut of G. A l-cycle of G is a cycle with length l in G. We
use Wn to denote the wheel of order n. If G is a 3-connected graph, let
EN(G) and ER (G) denote the set of all nonremovable edges of G and the
set of all removable edges of G, respectively. Let eN(G)=|EN(G)| and
eR (G)=|ER (G)|. For other graph-theoretic notation, we refer the reader
to [1].
Let G be a 3-connected graph. For e # E(G) and SV(G&e) with
|S|=2, we say that (e, S) is a separating pair of G if G&e&S has exactly
two components A and B, both of which have order at least two. In this
case, we also say that (e, S; A, B) is a separating group of G. For the
removable and nonremovable edges of G, the following results are estab-
lished in [3]:
Theorem 1 [3, Theorem 1]. Let G be a 3-connected graph of order at
least six and e # E(G). Then e # EN(G) if and only if there is a separating pair
(e, S) (or a separating group (e, S; A, B)) of G.
Theorem 2 [3, Theorem 2]. Let G be a 3-connected graph of order at
least six, and let (xy, S) be a separating pair of G. Then every edge joining
S and [x, y] is removable.
Theorem 3 [3, Corollary 3]. Let G be a 3-connected graph of order at
least five. Then every 3-cycle of G contains at least two removable edges
of G.
Theorem 4 [3, Theorem 6]. Let G be a 3-connected graph of order at
least six and C be a cycle of G. Suppose that no edges of C are removable.
Then
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(a) There is an edge yz in C and a vertex a of G such that ay and az
are removable edges of G, dG( y)=dG(z)=3 and dG(a)4.
(b) Let xyzb be a path in (EN(G)) G and a be a vertex of G such that
ay,az # ER (G), dG( y)=dG(z)=3 and dG(a)4. If 1G(x){[a, y, u] and
1G(b){[a, z, v] for any u, v # V(G), then xz # EN(G  ay) and
ER (G  ay)ER (G). Hence eR (G)eR (G  ay)+1.
For 3-connected cubic graphs, Fouquet et al. obtained the following
result:
Theorem 5 [2, Proposition 4; 4, Theorem 3.1]. Let G be a 3-connected
cubic graph. Then G has at least W( |G|+6)2X removable edges G.
The lower bound in Theorem 5 is sharp.
2. SOME PROPERTIES OF MAXIMAL SEMIWHEELS
In order to obtain the sharp lower bound of the number of removable
edges in a 3-connected graph, we introduce the notion of a ‘‘maximal semi-
wheel’’ and observe some of its properties.
Let G be a 3-connected graph. Let H be a subgraph of G such that
V(H)=[a, x1 , x2 , ..., xl+3] and E(H)=[x1x2 , x2x3 , ..., xl+2x l+3 , ax2 ,
ax3 , ..., axl+2], where l1. The subgraph H of G is called a l-semiwheel
of G if the following two conditions are satisfied:
(i) xix i+1 # EN(G), i=1, 2, ..., l+2.
(ii) dG(a)4, dG(x i)=3, i=2, 3, ..., l+2. We denote the l-semi-
wheel H of G by SW(a; x1 , ..., x l+3). The l-semiwheel H is said to be maxi-
mal, if the following condition is satisfied:
(iii) 1G(x1){[a, x2 , u] and 1G(xl+3){[a, x l+2 , v] for any u, v # G.
We denote the maximal l-semiwheel H by MW(a; x1 , ..., xl+3).
If SW(a; x1 , ..., x l+3) (or MW(a; x1 , ..., x l+3)) is a l-semiwheel (or maxi-
mal l-semiwheel), then we say that x2 , x3 , ..., xl+2 and x1 , x l+3 are internal
vertices and end vertices of SW(a; x1 , ..., x l+3) (or MW(a; x1 , ..., xl+3)),
respectively, and the vertex a is called the center of SW (or MW). For
i=2, ..., l+1, since xi axi+1 xi is a 3-cycle of G and xi xi+1 # EN(G), by
Theorem 3, axi , axi+1 # ER (G).
Theorem 6. Let G be a 3-connected graph. Let H1=MW(a; x1 , ..., xl+3)
and H2=MW(b; y1 , ..., yk+3) be two maximal semiwheels of G. If H1 and
H2 have a common internal vertex, then H1=H2 .
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Proof. Suppose that H1 and H2 have a common internal vertex xi= yj ,
where 2il+2 and 2 jk+2. Since every internal vertex of a semi-
wheel of G is incident to only one removable edge and two nonremovable
edges of G, xia= yjb and xi&1= yj&1 , x i+1= yj+1 or xi&1= yj+1 ,
xi+1= yj&1 , and so a=b and [xi&1 , x i , xi+1]=[ yj&1 , yj , yj+1].
Without loss of generality, we may assume that xi&1= yj&1 , xi= y j ,
xi+1= yj+1 . If i&12 or i+1l+2, say i&12, i.e., xi&1 is an internal
vertex of the maximal semiwheel H1 , then xi&1 (=yj&1) is also an internal
vertex of the maximal semiwheel H2 , and so [x i&2 , x i&1 , xi]=[ yj&2 , y-
j&1 , yj], hence xi&2= y j&2 and [xi&2 , xi&1 , x i , xi+1]=[ y-
j&2 , yj&1 , yj , y j+1]. If i&22 or i+1l+2, repeating previous discus-
sions, finally we have that [x1 , ..., xl+3]=[ y1 , ..., yl+3] and l=k, there-
fore H1=H2 .
Theorem 7. Let G be a 3-connected graph distinct from wheels. Suppose
that H0=SW(a; x1 , ..., xl+3) is a l-semiwheel of G. Then there is only a
maximal semiwheel H of G containing H0 .
Proof. Let H=SW(b; y1 , ..., yk+3) be a k-semiwheel of G containing
H0 and have as many internal vertices as possible. We shall prove that
1G( y1){[b, y2 , u] and 1G( yk+3){[b, yk+2 , v] for any u, v # G, i.e., H is
a maximal k-semiwheel. If not, without loss of generality, we may assume
that there is v # G such that 1G( yk+3)=[b, yk+2 , v]. If v= y1 , then
V(G)&V(H){< because G is not a wheel, and so [b, v] is a 2-vertex cut
of G, which contradicts that G is a 3-connected. Hence v{ y1 . Let
S=[b, yk+1], A=([ yk+2 yk+3]) and B=G&vyk+3&S&A. It is easy
to see that (vyk+3 , S; A, B) is a separating group of G, and so
vyk+3 # EN(G). Let H$ be a subgraph of G such that V(H$)=V(H) _ [v]
and E(H$)=E(H) _ [vyk+3 , byk+3]. Then H$ is a (k+1)-semiwheel of G
and H0 HH$. Note that the number of internal vertices of H$ is greater
than H by one, which contradicts the choice of H. Therefore H is a maxi-
mal k-semiwheel.
By Theorem 6, we have that the maximal semiwheel of G containing H0
is unique.
Corollary 8. Let G be a 3-connected graph of order at least six, which
is not a wheel, and C be a cycle in (EN(G)) . Then there is a maximal semi-
wheel H of G such that H has two adjacent internal vertices that are adjacent
in C.
Proof. By Theorem 4(a), there are four consecutive vertices x, y, z and
b in C such that ay, az # E(G) and dG(a)4, dG( y)=dG(z)=3. Then the
graph H0 consisting of the path xyzb and the vertex a and edge-set
[ay, az] is a semiwheel of G. By Theorem 7, there is a maximal semiwheel
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H containing H0 in G. It is easy to see that y and z are two adjacent inter-
nal vertices of H.
Lemma 9. Let y1 y2 } } } yk be a path in (EN(G)) , where k3, and
<{DV(G). Suppose that ( y1 y2 , S1 ; A1 , B1) is a separating group of G
such that y1 # B1 , y2 # A1 and D & B1 {<. Take i # [1, 2, ..., k&1] and a
separating group ( yi yi+1 , S; A, B) of G such that yi # B, yi+1 # A,
D & B{< and |A| is as small as possible. If ik&2, we take again a
separating group ( yi+1 yi+2 , S$; A$, B$) of G such that yi+1 # B$, y i+2 # A$,
and |A$| is as small as possible. For such two separating groups
( yi yi+1 , S; A, B) and ( yi+1 y i+2 , S$; A$, B$) of G, then one of the two
following propositions holds.
(1) A & A$=[ yi+2], S & S$=<=A$ & B, A & S$=[t], A$ & S=[b],
B$ & S=[c], B & S$=[d]=D & B, D & B$=<, yi # B & B$, yi+1 # A & B$
and 1G( yi+2)=[ yi+1 , t, b], 1G(b)=[ yi+2 , t, d], bd # EN(G).
(2) A&B$=[yi+1], A&A$=[yi+2], A&S$=B$ & S=<, S&S$=[t],
A$ & S=[b], B & S$=[c], yi # B & B$ and 1G( yi+1)=[ yi , yi+2 , t],
1G( yi+2)=[ yi+1 , t, b], byi+2 # EN(G), dG(t)4.
Proof. Since yi+1 # A and yi+1 yi+2 # EN(G), by Theorem 2, yi+2 # A.
Similarly, we have yi # B$. Hence yi # B & B$, yi+1 # A & B$ and
yi+2 # A & A$.
We first show A$ & (B _ S){<. If not, since yi+2 # A & A${<, S$&B
is a vertex cut of G& yi+1 yi+2 . Note that G is 3-connected and |S|=2,
then S$=S$&B, and so B & S$=<. Hence <{D & B=D & (B & B$)
D & B$. For the separating group ( yi+1 yi+2 , S$; A$, B$) of G, we have that
yi+1 # B$, yi+2 # A$, D & B${<, i+1 # [1, ..., k&1] and |A$|<|A| , which
contradicts the minimality of |A|. Therefore A$ & (B _ S){<. Since A$ is
a connected subgraph of G and A & A${<{A$ & (B _ S), we have
A$ & S{<. Hence |A$ & S|=2 or 1.
If |A$ & S|=2, then S&A$=<. Since yi # B & B${<, B & S$ is a vertex
cut of G& yi yi+1 , and so |B & S$|=2, S$=B & S$ and A & S$=<. This
implies that [ yi , yi+2] is a 2-vertex cut of G, a contradiction. Hence
|A$ & S|=1. Note that |S|=2, we have that |B$ & S|=1 or |S & S$|=1.
If |B$ & S|=1, then S & S$=<. Since A & A${<, (A & S$) _ (A$ & S) is
a vertex cut of G& yi+1 yi+2 , and so |A & S$|1. Similarly, since
B & B${<, we have |B & S$|1, hence |A & S$|=|B & S$|=1. This
implies |(A$ & S) _ (S & S$) _ (B & S$)|=2, and so A$ & B=<. Let
A & S$ = [t], A$ & S = [b], B$ & S = [c] and B & S$ = [d ]. Note that
|A$|<|A|, by the minimality of |A|, we have D & B$=<, and so
D & (B & B$)=<, hence D & B=[d]. In this case, we shall prove that
|A & A$|=1. If not, let A"=A & A$, S"=[t, b], B"=G&yi+1 yi+2&S"&A",
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then ( yi+1 y i+2 , S"; A", B") would be a separating group of G and
yi+1 # B", yi+2 # A". Note that |A"|<|A$|, which contradicts the mini-
mality of |A$|. Hence |A & A$|=1, i.e., A & A$=[ yi+2]. It is easy to see
that 1G( yi+2)=[ yi+1 , t, b], 1G(b)=[ yi+2 , t, d], and (bd, [t, yi+1]) is a
separating pair of G, and so bd # EN(G). Therefore, in this case proposotion
(1) holds.
If |S & S$|=1, then B$ & S=<. Since B & B${<, (S & S$) _ (B & S$) is
a vertex cut of G& yi yi+1 , and so |B & S$|=1 and A & S$=<. Let
S & S$=[t], A$ & S=[b] and B & S$=[c]. In this case, if |A & A$|2, a
simliar argument as above will lead to a contradiction. Hence |A & A$|=1,
i.e., A & A$=[ yi+2]. If |A & B$|2, let A"=A & B$ and S"=[t, yi+2]
and B"=G& yi yi+1&S"&A", then ( yi yi+1 , S"; A", B") is a separating
group of G and yi # B", yi+1 # A" and |A"|<|A|, which contradicts the
minimality of |A|. Hence |A & B$|=1, i.e., A & B$=[ yi+1]. It is easy to see
that 1G( yi+1)=[ yi+2 , y i , t], 1G( yi+2)=[ yi+1 , t, b] and (by i+2 , [t, yi])
is a separating pair of G, and so byi+2 # EN(G). Finally, we shall show that
dG(t)4. If not, let 1G(t)=[ yi+1 , y i+2 , x] then x # (B & B$) _ ([b, c] _
(B & A$)). If x # B & B$, then 1G(t) & ([b] _ (B & A$))=<, and so
[c, yi+2] is a 2-vertex cut of G; if x # ([b, c] _ (B & A$)), then 1G(t)
& (B & B$)=<, and so [c, yi+1] is a 2-vertex cut of G, which contradicts
that G is 3-connected. Hence dG(t)4. Therefore, in this case, proposition
(2) holds.
Theorem 10. Let G be a 3-connected graph distinct from wheels and G
contain no maximal l-semiwheels, where l=1 or l3. Suppose that
H1=MW(a; x1 , x2 , x3 , x4 , x5) is a maximal 2-semiwheel of G and P=
y1 y2 } } } yh , where h2, is a path in (EN(G)) such that [ y2 , y3 , ..., yh&1]
& V(H1)=< and [ y1 , yh][a, x1 , x5]. Then G contains a maximal
2-semiwheel H2 such that at least two internal vertices of H2 belong to
V(P _ H1) and H1 and H2 have no common internal vertex.
Proof. Without loss of generality, assume yh=x5 , then we have that
y1=x1 or a. Let k=h+1 and yk=x4 , then y1 y2 } } } yk is also a path in
(EN(G)) and k3. Let D=[x2 , x3 , x4]. Take a separating group
( y1 y2 , S1 ; A1 , B1), where y1 # B1 and y2 # A1 . If y1=x1 , by Theorem 2,
we have x2 # B1 because of x1x2 # EN(G), and so D & B1 {<; if y1=a,
noting D1G(a) and y2  D and |S1 |=2, we also have D & B1 {<. Take
i # [1, 2, ..., k&1] and a separating group ( yi yi+1 , S; A, B) of G such that
yi # B, yi+1 # A, D & B{< and |A| is as small as possible. In this case, we
must have i+1k&1. If not, assume i=k&1, i.e., yi=x5 and y i+1=x4 .
Since x4 # A and x4 x3 # EN(G), x3 # A by Theorem 2, and so x2 # A _ S
noting x2x3 # E(G), hence D & B=<, which contradicts D & B{<.
Therefore i+1k&1. We take again a separating group ( yi+1 yi+2 , S$;
793-CONNECTED GRAPHS
A$, B$) of G such that yi+1 # B$, yi+2 # A$ and |A$| is as small as possible.
By Lemma 9, we have that proposition (1) or (2) holds.
If proposition (1) of Lemma 9 holds, then B & S$=[d]=D & B. Let
d=xj # [x2 , x3 , x4]. Since xj is a internal vertex of the maximal 2-semi-
wheel H1 , the x ja is in a 3-cycle of G. On the other hand, by proposi-
tion (1) of Lemma 9, we have that A$ & S=[b] and S & S$=B & A$=<,
and so the edge db is not in any 3-cycle of G, hence b{a. Since a is adja-
cent to xj , a # (B$ & S) _ (B & B$). If a=c, since B$ & S=[c] and axj is in
a 3-cycle, then (B & B$) & D{<, which contradicts (B & B$) & D=<.
Hence a # B & B$. Noting D & B$=<, D1G(a), a # B$, |B$ & S|= |B & S$|
=1 and S & S$=<, which is a contradiction. Therefore the proposition
(1) of Lemma 9 does not hold.
We now have that proposition (2) of Lemma 9 holds. In this case, we
must have ik&3. If not, assume i=k&2, i.e., yi+2=xk=x4 , and so
yi+1=x5 . Since x4 is an internal vertex of semiwheel H1 , only one of three
edges incident to x4 , i.e., x4a, is removable. Since yi+1 yi+2ty i+1 is a
3-cycle and yi+1 yi+2 # EN(G), yi+2 t is removable, and so t=a. By
proposition (2) of Lemma 9, we have that 1G(x5)=1G( y i+1)=[x4 , a, yi],
which contradicts that x5 is an end vertex of the maximal 2-semiwheel H1 .
Hence ik&3, and so yi+2 yi+3 # EN(G). By proposition (2) of Lemma 9,
two nonremovable edges incident to yi+2 are yi+2 yi+1 and yi+2b and an
other edge incident to yi+2 is the removable edge yi+2 t, and so b= yi+3 .
Consider a subgraph H0 consisting of the path y i yi+1 yi+2 yi+3 and the
vertex t and edge set [tyi+1 , tyi+2] in G. Since dG( yi+1)=dG( yi+2)=3
and dG(t)4, Ho is a semiwheel of G. By Theorem 7, G has a maximal
semiwheel H2 containing H0 . Note that both yi+1 and yi+2 are internal
vertices of H2 and neither yi+1 nor yi+2 is internal vertex of H1 because
2i+1<i+2k&1=h, by Theorem 6, H1 and H2 have no common
internal vertex. Obviously, two internal vertices yi+1 and yi+2 of H2 belong
to V(P _ H1), and the theorem follows.
Theorem 11. Let G be a 3-connected graph without any semiwheel and
(EN(G)) be a tree. Then |(EN(G)) | |G|&2.
Proof. By contradiction. Assume |(EN(G)) ||G|&1. Let x be a
vertex of degree one in the tree (EN(G)). Since dG(x)3 and
|(EN(G)) ||G|&1, there is a vertex y of (EN(G)) such that xy # ER(G).
Let P be a path joining x and y in (EN(G)) , then P+xy is a cycle in G.
Take a cycle C: y1 y2 } } } yk y1 of G such that y1 yk # ER(G), E(C)&
[ y1 yk]EN(G) and length of C is as small as possible.
Let D=[ y1]. Consider the path y1 } } } yk in (EN(G)). Take a separating
group ( y1 y2 , S1 ; A1 , B1) such that y1 # B1 and y2 # A1 . Obviously,
D & B1 {<. Take i # [1, ..., k&1] and a separating group ( y i y i+1 , S;
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A, B) such that yi # B, yi+1 # A, D & B{< and |A| is as small as possible.
In this case, we must have i+1{k. If not, assume i+1=k. Then yk # A.
Note that yk&1 { y1 and y1 yk # E(G), then y1 # A _ S, which contradicts
D & B{<. Hence i+1{k, and so i+1k&1. Take a separating group
( yi+1 yi+2 , S$; A$, B$) such that yi+1 # B$, yi+2 # A$ and |A$| is as small as
possible. By Lemma 9, we have that proposition (1) or (2) holds.
If proposition (1) of Lemma 9 holds, then d= y1 . Since y1 b # EN(G) and
y1 yk # ER(G), b{ yk and so yk # B$&A. Since y i+2 # A & A$ and the dis-
tance between two vertices yi+2 and yk is at least two, we have
i+2k&2. Note that yi+3 # 1G( y i+2)=[ y i+1 , b, t], then yi+3=b or t.
If yi+3=b, take a cycle C1 : y1 yi+3 y i+4 } } } yk y1 ; if yi+3=t, since tyi+2bt
is a 3-cycle and yi+2 yi+3 # EN(G), by Theorem 2, byi+2 # ER(G), and take
a cycle C2 : y1 y2 } } } yi+2by1 . For C1 , it is easy to see that y1 yk # ER(G)
and E(C1)&[ y1 yk]EN(G) and |C1 |<|C|; for C2 , we have that
byi+2 # ER(G) and E(C2)&[byi+2]EN(G) and |C2 |<|C| , which con-
tradicts the minimality of |C|.
We now have that proposition (2) of Lemma 9 holds. In this case, note
that the subgraph consisting of the path yi yi+1 yi+2b and the vertex t and
edge set [tyi+1 , tyi+2] is a semiwheel of G, which contradicts the assump-
tion of the theorem. Therefore |(EN(G)) | |G|&2.
Theorem 12. Let G be a 3-connected graph distinct from wheels and
H=MW(a; x1 , ..., xl+3) be a maximal l-semiwheel of G. If l{2, then
eR(G)eR(G  ax2)+1.
Proof. For l=1, by Theorem 4(b), the theorem holds. Now assume
l3. Let S=[a, x4], A=([x2 x3]) , B=G&x1x2&S&A, T=[a, x5],
A$=([x3x4]) and B$=G&x2 x3&T&A$; then (x1x2 , S; A, B) and
(x2x3 , T; A$, B$) are separating groups of G. In this case, it is easy to see
that A & B$=[x2], A & A$=[x3], A& T=B$ & S=A$ & B=<, S & T=[a],
A$ & S=[x4], B & T=[x5] and x1 # B & B$. Let H=G  ax2 ; then
E(H&x1x3)E(G). Since G is not a wheel, we have |B & B$|2, and so
(x1x3 , [a, x5]) is a separating pair of H, hence x1x3 # EN(H). Take any
e$=x$y$ # ER(H). We shall prove that e$ # ER(G). If not, assume e$ # EN(G).
Take a separating group (x$y$, U; A", B") of G such that x$ # A" and
y$ # B". Without loss of generality, we may assume x2 # A" _ U. An argu-
ment analogous to that used in the proof of [3, Theorem 6(6)] can show
that x2  U, and so x2 # A". Since x$ # H and x2  H, we have x2 {x$. If
|A"|3, then (e$, U) is also a separating pair of H, which contradicts that
e$ # ER(H). Hence A"=[x$, x2] and 1G(x2)=[x$] _ U. If x$=x1 , then
1G(x1)=[a, x2 , y$] because x1  1G(x3), which contradicts that x1 is
an end vertex of the maximal semiwheel H. If x$=a, then U=[x1 , x3]
and |1G(a) & B"|=1. Noting [x2 , ..., x l+2]1G(a) and l3, then
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|1G(a) & B"||[x2 , ..., x l+2] & B"|(l+1)&22, which is a contradic-
tion. Finally, if x$=x3 , then U=[a, x1], and so y$=x4 , i.e.,
e$=x3x4 # ER(H). In H, since l3, let So=[a, x6], and Ao=([x4x5]) H
and Bo=H&x3x4&So&Ao , then (x3x4 , So ; Ao , Bo) is a separating group
of H, and so e$=x3 x4 # EN(H), which is a contradiction. Thus e$ # ER(G),
and so ER(H)ER(G). Note that ax2 # ER(G) and ax2  E(H); therefore
eR(G)eR(G  ax2)+1.
3. THE NUMBER OF REMOVABLE EDGES IN
3-CONNECTED GRAPHS
Let Wn be a wheel of order n. If n5, it is easy to see eR(Wn)=n&1.
Let G be a 3-connected graph of order n, e # ER(G) and |E(G)|=m. Then
n&2|G  e|n and
m&1, if |G  e|=n,
|E(G  e)|{m&2, if |G  e|=n&1,m&3, if |G  e|=n&2.
Lemma 13. Let G be a 3-connected graph of order n and e # ER(G).
(1) If n=5 and G is not the wheel W5 , then eR(G)9.
(2) If n=6 and |G  e|=6 and G  e is the wheel W6 , then
eR(G)=9.
(3) If n=6, G  e is the wheel W5 and G is not W6 , then eR(G)7.
(4) If n=7 and |G  e|=5 and G  e is the wheel W5 , then
eR(G)6.
(5) If n=8 and |G  e|=6 and G  e is the wheel W6 , then
eR(G)7.
The lemma is checked directly and the proof is omitted.
Let M be a graph on four vertices a, x, y, z with edges xy, yz, az, ay, az.
Let T1 , T2 and T3 be three trees such that for each i # [1, 2, 3] Ti has k
vertices of degree one and |Ti |&k vertices of degree three. Let k vertices
of degree one in Ti be x (1)i , ..., x
(k)
i , i=1, 2, 3. Let M1 , ..., Mk be k copies of
M and a( j), x( j), y ( j), z( j) be vertices of Mj corresponding to vertices
a, x, y, z of M, respectively, j=1, 2, ..., k. For each j # [1, ..., k], identify the
x( j)1 , x
( j)
2 , x
( j)
3 with a
( j), x ( j), z( j) such that each of x ( j)1 , x
( j)
2 , x
( j)
3 with one
and only one of a( j), x( j), z( j). Let the resulting graph be G. It is easy to see
that G is 3-connected and the removable edges of G are a( j)x( j), a( j)y( j),
a( j)z( j), j=1, ..., k, and so eR(G)=3k. Note that |Ti |=2k&2, i=1, 2, 3,
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and |G|=7k&6; we have that eR(G)=(3 |G|+18)7. We denote all such
graph set by A.
Theorem 14. Let G be a 3-connected graph of order at least five. If G
is neither W5 nor W6 , then eR (G)(3 |G|+18)7 and the equality holds if
and only if G # A.
Proof. Let |G|=n and |E(G)|=m. If n=5, since n+m13 and G is
not W5 , by Lemma 13(1), eR (G)>(3n+18)7. We now assume that n6
and n+m>13. We proceed by induction on n+m.
We first show that eR (G)(3n+18)7.
If G is a wheel, since G is not the wheel W6 , we have n7, and so
eR (G)=eR (Wn)=n&1>(3n+18)7. Hence we assume that G is not any
wheel. We shall consider separately the following cases.
Case 1. There is a removable edge e of G such that eR (G)
eR (G  e)+1. Then we have that |G  e|=n, n&1, or n&2.
If |G  e|=n, then |E(G  e)|=m&1, and so |G  e|+ |E(G  e)|<
n+m. In this case, if G  e is neither W5 nor W6 , by induction hypothesis,
then eR (G)eR (G  e)+1(3n+18)7+1>(3n+18)7; if G  e is W5 ,
then n=5 and G is not W5 , and by Lemma 13(1), eR (G)9>(3n+18)7;
if G  e is W6 , then n=6, and by Lemma 13(2), eR (G)=9>(3n+18)7.
Hence eR (G)>(3n+18)7.
If |G  e|=n&1, then |G  e|+ |E(G  e)|<n+m. In this case, if
G  e is neither W5 nor W6 , by the induction hypothesis, then eR (G)
eR (G  e)+1(3(n&1)+18)7+1>(3n+18)7; if G  e is W5 , then
n=6, and by Lemma 13(3), eR (G)7>(3n+18)7; if G  e is W6 , then
n=7 and eR (G)eR (G  e)+1=eR (W6)+1=6>(3n+18)7. Hence
eR (G)>(3n+18)7.
If |G  e|=n&2, then, |G  e|+|E(G  e)|<n+m. In this case, if
G  e is neither W5 nor W6 , by the induction hypothesis, then eR (G)
eR (G  e)+1(3(n&2)+18)7+1>(3n+18)7; if G  e is W4 , then
n=6 and G is a 3-connected cubic graph, by Theorem 5, eR (G)(n+6)2
>(3n+18)7; if G  e is W5 , then n=7, by Lemma 13(4), eR (G)
6>(3n+18)7; if G  e is W6 , then n=8, by Lemma 13(5), eR (G)7>
(3n+18)7. Hence eR (G)>(3n+18)7.
Case 2. For each e # ER (G) we have that eR (G)eR (G  e) and G
contain no maximal 2-semiwheel. By Theorem 12, then G contains no any
maximal semiwheel, and by Theorem 6, G contains no any semiwheel, and
so we have (EN(G)) is a forest from Corollary 8.
If EN(G)=<, it is easy to see that eR (G)=e(G)>(3n+18)7.
If EN(G){< and (EN(G)) is a tree, by Theorem 11, then |(EN(G)) |
n&2, and so eR (G)=m&eN(G)3n2&(n&3)=n2+3>(3n+18)7.
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If EN(G){< and (EN(G)) has at least two components. Let T1 , ..., Tt
be components of (EN(G)) , where 2. Let  ti=1 |Ti |=n1 , n2=n&n1 and
x # G (dG(x)&3)=r. Then
eR (G)=m& :
t
i=1
e(Ti)=m&n1+t,
2m= :
x # G
dG(x)=3n+r,
and so
eR (G)=3n2&n1+t+r2=n2+n2+t+r2
=3n7+(n+14n2+14t+7r)14 (1)
If r=0, then G is a 3-connected cubic graph, by Theorem 5,
eR (G)(n+6)2>(3n+18)7. If r1, then from equality (1) we have
that eR (G)3n7+(n+14_2+7_1)14>(3n+18)7.
Case 3. For each e # ER (G) we have that eR (G)eR (G  e) and G
contains a maximal 2-semiwheel. By Theorem 12, then every maximal
semiwheel of G is a maximal 2-semiwheel. Let G contain k maximal 2-semi-
wheels Hi=MW(a(i); x (i)1 , x
(i)
2 , x
(i)
3 , x
(i)
4 , x
(i)
5 ), where k1 and i=1, ..., k.
By Theorem 6, for any i, j, 1i< jk, Hi and Hj contain no common
internal vertex. Let E0=EN(G)&ki=1 [x
(i)
2 x
(i)
3 , x
(i)
3 x
(i)
4 ], then (Eo) G has
the following properties:
1. (Eo) is a forest.
Proof. By contradiction. Assume that C is a cycle in (Eo). By
Corollary 8, G contains a maximal 2-semiwheel H=MW(a; x1 , x2 , x3 , x4 ,
x5) such that either x2x3 or x3x4 is an edge of C, and so either x2x3 or
x3 x4 belongs to Eo . On the other hand, since H is a maximal 2-semiwheel,
by the definition of Eo , Eo contains neither x2x3 nor x3x4 , which is a con-
tradiction. Hence (Eo) is a forest.
2. For any i # [1, ..., k], edges x (i)1 x
(i)
2 and x
(i)
4 x
(i)
5 of Hi belong to dis-
tinct components of (Eo) , and so (Eo) has at least two components.
Proof. By the definitions of Eo and a maximal 2-semiwheel, x (i)1 x
(i)
2 and
x(i)4 x
(i)
5 belong to Eo . Assume that x
(i)
1 x
(i)
2 and x
(i)
4 x
(i)
5 belong to same com-
ponent of (Eo). Then there is a path P1 joining x (i)1 x
(i)
2 and x
(i)
4 x
(i)
5 in
(Eo). Since [x (i)2 x
(i)
3 , x
(i)
3 x
(i)
4 , a
(i)x (i)3 ] & Eo=<, we have that E(P1) &
[x (i)2 x
(i)
3 , x
(i)
3 x
(i)
4 , a
(i)x (i)2 , a
(i)x (i)3 , a
(i)x (i)4 ]=<, and so P1 is a path joining
x(i)1 and x
(i)
5 in G and V(P1) & [x
(i)
2 , x
(i)
3 , x
(i)
4 ]=<. If a
(i)  V(P1), denote
the path P1 by P; if a(i) # V(P1), denote the path from a(i) to x (i)5 in P1 by P.
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Then P is a path in (Eo), and P and H i are internally disjoint. By
Theorem 10, there is maximal 2-semiwheel H=MW(a; x1 , x2 , x3 , x4 , x5)
distinct from Hi such that at least two adjacent internal vertices of H
belong to P _ Hi . Without loss of generality, we may assume that x2 and
x3 belong to P _ H i . Since H is distinct from Hi , neither x2 nor x3 is the
internal vertex of Hi , and by the definitions of internal vertices and end
vertices of a maximal 2-semiwheel, neither x2 nor x3 is the end vertex of
Hi , and so both x2 and x3 belong to P. Hence both x2 and x3 belong to
(Eo). On the other hand, since H is a maximal 2-semiwheel and x3 is a
internal vertex adjacent to other two internal vertices of H, by the defini-
tion of Eo , we have that x3 does not belong to (Eo) , which is a contradic-
tion. Therefore x (i)1 x
(i)
2 and x
(i)
4 x
(i)
5 belong to distinct components of (Eo).
3. If for some i # [1, ..., k], EN(G) contains an edge a(i)z incident to
a(i), then a(i)z, x (i)1 x
(i)
2 and x
(i)
4 x
(i)
5 belong to three distinct components of
(Eo) respectively.
Proof. By contradiction. By the property 2, x (i)1 x
(i)
2 and x
(i)
4 x
(i)
5 belong
to distinct components of (Eo) , we may assume that a(i)z and x (i)1 x
(i)
2
belong to same component of (Eo) , and so there is a path P1 joining a(i)z
and x (i)1 x
(i)
2 in (Eo). It is easy to see that x
(i)
2 , x
(i)
3 , x
(i)
4  P1 and so we may
take a path P in P1 such that the end vertices of P being to [a(i), x (i)1 , x
(i)
5 ]
and P and Hi are internally disjoint. By Theorem 10, there is a maximal 2-
semiwheel H of G distinct from H i such that at least two adjacent internal
vertices of H belong to P _ Hi . An argument analogous to that used in
property 2 shall lead to a contradiction.
4. Denote the distinct vertex set of a(i), ..., a (k) by [b1 , ..., bh], then
hk and h=k if and only if a(i), ..., a (k) are pairwise distinct. If
a(1)=a(2)= } } } =a (*)=b1 , i.e., b1 is the center of * maximal 2-semiwheel
H1 , H2 , ..., H* , noting that each center of H i is adjacent to three internal
vertices of Hi and any two Hi and Hj contain no common internal vertices,
then we have that dG(b1)3*, and so dG(b1)&3>*, if *2. Let
r0=hj=1 (dG(bj)&3). Noting that dG(a
(i))&31, for any i # [1, ..., k], we
have that
r0k (2)
and r0=k if and only if h=k and dG(a(i))=4, i=1, ..., k.
From properties 1 and 2, we have that (Eo) is a forest containing at
least two components. Let T1 , ..., Tt be the components of (Eo) , where
t2. Let n1=n&k&|(Eo) |. Since x (i)3  (Eo) for each i # [1, ..., k],
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n10 and n1=0 if and only if V(G)=V((Eo) ) _ [x (1)3 , x
(2)
3 , ..., x
(k)
3 ]. Let
r=x # G (dG(x)&3), it is easy to see that
rr0k (3)
and r=k if and only if r0=k and dG(a(i))=4 and dG(x)=3, where
i=1, ..., k and x # V(G)&[a(1), ..., a(k)]. From r=x # G (dG(x)&3) and
e(G)=(x # G dG(x))2 we deduce that e(G)=3n2+r2, and so
eR (G)=e(G)&eN(G)=(3n2+r2)&(|Eo |+2k)=
(3n2+r2)&2k&(|(Eo) |&t)=n2+r2+t+n1&k. On the other hand,
since every maximal 2-semiwheel contains three removable edges of G, we
have that eR (G)3k, and so
n+r+2t+2n1&8k0 (4)
Note that
eR (G)=n2+r2+t+n1&k
=3n7+(n+r+2t+2n1&8k)14+(6t+6n1+3r&3k)7; (5)
from inequalities (3), (4), and (5), we have that
eR (G)3n7+6(t+n1)7 (6)
If t3, from inequality (6), then eR (G)(3n+18)7.
If t=2, by the property 3, then a(i) is not incident to any edge of EN(G)
for each i # [1, ..., k], and so a(i)  (Eo) , hence n11. In this case, we must
have that dG(a(i))5. If not, assume that dG(a(i))=4 for some i # [1, ..., k].
Let 1G(a(i))=[x (i)2 , x
(i)
3 , x
(i)
4 , z]. Then a
(i)z # ER (G). If z # [x (i)1 , x
(i)
5 ],
without loss of generality, may assume that z=x (i)1 , then [x
(i)
1 , x
(i)
4 ] is a
2-vertex cut of G, which is a contradiction; if z  [x (i)1 , x
(i)
5 ], then
(a(i)z, [x (i)1 , x
(i)
4 ]) is a separating pair of G, and so a
(i)z # EN(G), which is
a contradiction. Hence dG(a(i))5 for each i # [1, ..., k], and so r0>k.
Noting t=2 and n11, from the equality (5), we have that eR (G)>
(3n+18)7.
Combining the results as above, we have that e(G)(3n+18)7.
We now suppose that eR (G)=(3n+18)7. By the proofs as above, this
occurs only in Case 3 and t3. In this case, the equality in the inequality
(6) holds, and so t=3 and n1=0, i.e., (Eo) has exactly three components
T1 , T2 , T3 and V(G)=(3i=1 V(Ti)) _ [x
(1)
3 , ..., x
(k)
3 ]. From the equality in
(6) we deduce that the equalities in (5), (4), (3), (2) hold, and so r=r0=k
and eR (G)=3k. Since r=r0=k, a(1), a(2), ..., a(k) are pairwise disjoint and
dG(a(1))= } } } =dG(a(k))=4 and dG(x)=3, where x # V(G)&[a(1), ..., a(k)].
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From eR (G)=3k and dG(a(i))=4, it implies that a(i) is incident to
exactly three removable edges and a(i) is incident to only one non-
removable edge, where i=1, ..., k. From property 3, we have that for each
i # [1, ..., k], x (i)1 , x
(i)
5 , a
(i) exactly belong to one of T1 , T2 , T3 and they are
the vertices of degree one in T1 , T2 , T3 . Combining these results we have
that Ti has k vertices of degree one and |Ti |&k vertices of degree three,
i=1, 2, 3. Therefore G # A.
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